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1. Introduction

Logical algebras have become the keen interest for researchers in recent years and intensively studied under the
influence of different mathematical concepts. KU-algebra is a new algebraic structure introduced by Prabpayak
and Leerawat [1]. Mostafa et al. in 2011 studied KU-algebra in fuzzy context and studied fuzzy KU-ideals of KU-
algebras [2]. Recently, Ansari and Koam [3] introduced the concept of roughness in KU-algebras. Koam et al. [4]
introduced a pseudo-metric on KU-algebras. Senapati and Shum defined Atanassov’s intuitionistic fuzzy bi-
normed KU-ideals of a KU-algebra [5]. Flaminio and Montagna were the first to present a unified approach to
state and probabilistic many-valued logic in a logical and algebraic setting [6]. They added a unary operation,
called internal state or state operator to the language of MV-algebras, which preserves the usual properties of
states. State on BL-algebras was introduced and investigated by Iampan [7]. The state on BCK-algebras was
defined and studied by Mostafa et al. in 2015 [8]. In Section 2, some basic definitions are presented. In Section 3,
the state KU-algebra is defined. Some basic examples and theorems will be presented.

The A-commutative KU-algebras are determined, and it will be shown that if (A, A) is a A-commutative KU-
algebra in which A (A) is closed under V and A, then A (A) is a distributive lattice with respect to the operations V

and A.

2. Definitions and Preliminaries

2.1 Definition
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[7] An algebra (A; *, 0) of type (2, 0) is a KU-algebra if for all x, y, z € A, the following

conditions hold:

(KUI) (y *x) * ((x *2) *(y *2)) = 0.

(KU2)0*x=x.

(KU3)x+0=0.

(KU4) Ifx*y=0and y *x =0, then x =y. A binary relation < in A is defined by x < yif and only if x * y =0,
forall x, y € A.

2.2 Theorem

[7] An algebra (A, . ,0) of type (2, 0) is a KU-algebra if and only if for all x,y,z € A, the
following conditions hold:

(M (y.-x.(x.2)(y.2)=0.

2) x ((x. y).y)=0.

3) x.x=0.

4) x.0=0.

(5) Ifx.y=0andy. x =0, then x =y.

2.3 Example

[8] Let X = {1, 2,3, 4, 5} , and let ° be defined as the following table:

° 1 2 3 4 5
1 1 2 3 4 5
2 1 1 3 4 5
3 1 2 1 4 4
4 1 1 3 1 3
5 1 1 1 1 1

It is easy to see that X is a KU-algebra.
In what follows, let (X , 0, l) denote a KU-algebra, unless otherwise specified. For brevity, we also call X a KU-

algebra. The element 1 of X is called constant which is the fixed element of X .

Partial order < in X is defined by x<y ifand only if yox=1.

2.4 Proposition

[7]1 If (A; *, 0) is a KU-algebra, then the following properties hold:
(5) Forany x,y,Zz € A;z*(y *X) =y *(z * X).

(6) Forany x,y E A; x *((x *y) *y) = 0.

(7) Forany x,y € A; (x xy) * [(x *y) *y) *y)] = 0.

(8) Forany x,y,z€ A; x < X.

9 Ifxg<yandy< x, thenx =y.

(10) If x
(1) Ifx

yandy < z, then x < z

AN\

y,thenz*x < z*y.
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(12)Ifx <y, theny*z < x *z
(I13) Forany X,y EA; X< y *X.
(14) Forany x,y € A; x < y *y.

2.5 Definition

A nonempty subset Y of a KU-algebra K is called a subalgebra of K if forall x,y €Y , we have xoyeY .

A KU-algebra X is said to be commutative if for all x, y € K, we have (xo y)oy =(yox)ox.

2.6 Definition

Let (A; *,0) be a KU-algebra. A nonempty subset I of A is called an ideal if
(Moel,
(2)xxy€lforany x,y € A.

2.7 Definition

An ideal [of a KU-algebra Kis «called a commutative ideal if for allx,ye/we have

(yeox)el= ((xoy)oy)ox.el.
2.8 Example

([3]): Let X = {1, 2,3, 4,5, 6} and let ° be defined as follows:

o

N[ [W N =
e S e e e N Y
ol Ll el Rl e B NS I NS
N = = = [ [ | W
—_— N = (N |W
el L A N AV, I RV, IR RO, I R, |
—_ NN |

Clearly (X, 0, 1) is a KU-algebra. It is easy to show that A = {1, 2} and B = {1, 2, 3, 4, 5} are KU-ideals of X .
2.9 Definition

Let (A; *,0) be a KU-algebra.
(i) The KU-algebra A is self-distributive if x * (y *z) = (x *y) * (x *z) for any X, y, z € A.

(i) The KU-algebra A is a commutative if (x * y)*y=(y*x)*x for any x, y, z € A.

3. Results and Discussion
3.1 Definition

Let (A; *,0) be a KU-algebra. A mappingA: A — A is called a state operator on (A; *, 0) if it satisfies the following
properties for all x,y,z € A;

(SO1) x *y = 0 implies Mx) * M(y)=0;

(802) Mx*y)=A((x*y) *y) My);




94 Current Applied Sciences (2024) 2(2):91-100

(S03) A (Mx) *My)) = Mx) * My).
3.2 Lemma

Let (A, ) be a stat KU-algebra. Then

(D) A (0)=0;

(2) A (Mx)) = Mx);

(B) A (x*y) < Mx) *My);

(4) Ker (A) = 171 ({0}) is an ideal.

)L (X) = {Mx) | x € X} is a subalgebra of X.
(6) Ker () Im (A) = {0}.

3.3 Example

Let X be a nonempty set. Define a binary operation * on the P(X), the power set of X, by putting A * B=B\A
for all A, B € P(X). Then (P(X); *, @) is a KU-algebra. The mapping Id,,: P(X)—> P(X)defined by

Id, ,(A4) = Afor all set AC X is a state operator on P(X).

Proof. SO1 and SO3 are trivial.

SO2. Note that

L((A*B)*B)*L(B) =B\(B\[B\A])
=B\A=A*B=XL(A *B).

3.4 Example

Let (A; *, 0) be a KU-algebra. Then the mapping Id, : X — X defined by Id, (x)=x for all xe X is a state
operator on X.

Proof. SO1 and SO3 are trivial.

SO2. Note that by proposition 2.3 for all x, y€ X, we have x < (x *y). Therefore ((x *y) *y) < (x *y). On the other
hand, (x *y) * [(x *y) *y) *y]=((x *y) *y) * (x *y) *y) =0.

Thus x *y < ((x *y) *y) *y. Therefore, x *y = ((x *y) *y) *y.

3.5 Lemma

Let (A, A) be a state commutative KU-algebra. For all x,y € A, if x <y, then A(y * X) = My) * A(x).
Proof. Note that
(y*x) = A((y*x) *x) *Mx)
= h((x*y) *y) #x) = A (0*y) * Mx) = My) * Mx).
3.6 Definition

A state KU-algebra (A, }) is called

(i) A- Commutative if (M(x) * M(y)) * My) = (My) * MX)) * MX),

(ii) A- Distributive if A(x) * (M(y) * X (2)) = (Mx) * My)) * (MX) * L (2)),
(iii) A~ Transitive if (A(y) *A (2)) < (MX) * MY)) * (M(X) * A (2)),

forany x,y,z € A.
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It is easy to see that a state KU-algebra (A, A) is A-commutative if A(x) = (M(X) * A(y)) * Mx) forany x,y € A.

3.7 Proposition

Every A-commutative state KU-algebra is A-transitive.
Proof. Let(A,)) be a A-commutative state KU-algebra. Let x,y,z € A. If set a = A(x), B = A(y), and y = A (z), then
Bxy)*((axP)*(axy) = (axP)*((B*y)*(@xy)= (a*p)*(a*(B*y)*y)
= (@xP)*(ax((y*p)+P)= (axp)*((vy*p)*(axp)
= (y*P)*x((@xP)*(axp)= (y*p)*0=0.
Since My) * A (z) < (MX) *MY)) * (A (X) * X (2)), thus (A, L) is A-transitive.

3.8 Proposition

Every A-distributive state KU-algebra is A-transitive.

Proof. Let (A, L) be a A-distributive state KU-algebra. Then for x,y,z € A.

My) *h(z) < A(x)*(My) * A (2)) = (Mx) * A(y)) * (Mx) * 1 (2).
Hence, (A, A) is A-transitive.

3.9 Proposition

A state KU-algebra (A, A) is A-commutative if and only if for all x,y € A,

(Mx) * My)) * My) < (M) * Mx)) * Mx).

Proof. It is obvious that this condition is necessary. Conversely, let X,y € A,

(Mx) *M(y)) * My) < (My) * M(x)) * M(X). By interchanging x and y, we have

(M(y) * Mx)) * Mx) < (Mx) *M(y)) * My). Hence for all X,y € X, (Mx) * A(y)) * A(y) = (My) * Mx)) * A(x).
Therefore (X, 1) is a A-commutative state KU-algebra.

3.10 Remark

Let (A, A) be a state KU-algebra. If x < y, then A(z) * A(x) < M2) * M(y) and M(y) * Mz) < MX) * M(2)
forallx,y,z € A. Thus A is called ordered KU-algebra with respect to A.

3.11 Remark

Let A be a KU-algebra and let A be a state operator on A. If A is self-distributive (commutative), then (A, A) is A-

distributive (A-commutative).
3.12 Proposition

Let (A,)) be a state KU-algebra. If A is surjective and (A, X) is A-distributive (A-commutative), then A is self-

distributive (commutative) KU-algebra.
3.13 Lemma

Let (A, A) be a A-transitive KU-algebra. Then for all x,y,z € A, it holds that
AMx) *My) < (My) * 1 (2)) * (Mx) *A (2)).
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Proof. Note that

(M) * MY *[(MY) * M2)) * (Mx) * M2)] = [MyY) * M2) ] +[(MX) * My)) *( Mx) * A(2))]
=[MY) * A (@] * [(Mx) * My)) * A (2))]
=Mx) * [(My) ¥4 (2)) * (Mx) ¥ (2))]
=Mx) *0=0.

Thus we have A(x) * M(y) < (MY) * A (2)) * (M) * A (2)).

3.14 Proposition

Let (A, A) be a state KU-algebra with respect to A. Then for any X, y, z € A, it holds that

(M) * Ay)) * (Mx) * 4 (2)) < Mx) * (My) * 1 (2))
Proof. Let x,y,z € A. Then A(y) < Mx) * A(y). Hence
(Mx) * My)) * (Mx) * L (2)) < My) * (Mx) * 1 (2)). Therefore (A(x) *A(y)) * (Mx) * & (2) < Mx) * (My) * X (2)).

3.15 Proposition

Let (A, )) be a state KU-algebra. Then for all x,y € A, it holds that

((MX) * M) * My)) * My) = Mx) *A(y)-

Proof. For any X, y, consider

Mx) * (Mx) * My)) * My)) = (Mx) *My)) * (Mx) * My)) =0.

Hence A(x) < (MX) *M(y)) * My). By Remark 3.10, we have [(A(x) * M(y) * My))] * (My) < MX) * M(y).

Again, consider

(Mx) * My) * [((MX) * My))- My)) * (M) * (M) = ((MX) *A(y)) * MY)) * ((MX) * My)) *M(y)) = 0.

Hence (A(x) * M(y)) < (Mx) * A(y)-M(y)) * My). Therefore, (A(x) *A(y)) = (Mx) *A(y)) * My)) * My), for all x,y € A.

3.16 Theorem

A A-commutative KU-algebra is A-distributive if and only if it satisfies the following condition for all X, y € A:
Mx) * (Mx) * M(y)) = Mx) *A(y).
Proof. Let (A, )) be a A-commutative state KU-algebra. Let x,y, z € A. By the proof of Proposition 3.7, we
have
My) * A (z) < (MX) *A(y)) * (Mx) * X (z)). Hence we get that
Mx) *(My) ¥ 1 (2)) < A (x) * ((Mx) *My)) * (Mx)-A (2))
= (Mx) * M) * (Mx) * (Mx) * A (2))) = (Mx) * A(y)) * (Mx) * L (2)).
On the other hand, by treating a = A(x); b = A(y) and ¢ = A (z), we also have
(axb)x(@xc)*(ax(bxc) = ((axb)*(axc)*(b*(axc) =bx((axb)*(axc) *(axc)
=bx(((axc)x(axb))*(axb))= ((axc)*(axb)) *(b*(axb)
=(@xc)*(a*b)*(ax(b*b)= ((a*c)*(axb) *(a*0)
= ((a*xc)*(axb))x0= 0.
It follows that (A(x) * A(y)) * (A(X) * X (2)) < MX) * (M(y) *A (z)), and hence
(Ax) * M(y)) * (Mx) * & (2) = Mx) * (My) * X (2)).
Therefore, (X, X) is A-distributive. Conversely, assume that (A, ) is A-distributive. Then
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MX) % (My) * A (2)) = (LX) * M) * (M) * 1 (2), forallx,y,z € A.
Putting x =y, it yields that

Mx) * (Mx) * My)) = (Mx) *Mx)) * (Mx) *My)) = 0% (Mx) *My)) = Mx) * M)
3.17 Example

The Example 3.3 is a A-implicative KU-algebra.
Note that (A(A4)*A(B))*A(4)=A\(B\A)=A=1(A).

Thus (P(X), Idpx)) is A-implicative.

3.18 Proposition

Every A-distributive and A-commutative state KU-algebra is A-implicative.
Proof. Let (A, A) be a A-distributive and A-commutative state KU-algebra. Let X, y, z € A. Clearly we have
Mx) < (Mx) *My)) Mx). Again, we get the following equalities:
((MX) * My)) * Mx)) *Mx) = (Mx) * (M) *My))) * (MX)-My)) = (Mx) * Mx)) * (AMX) * My))) * (Mx)-MY))
= (0. (A () *Ay)) * (Mx) *My) = (Mx) *M(y)) * (Mx) *A(y)) =O0.
Hence ((AMx) * My)) * Mx)) < Mx). Thus ((A(x) *A(y)) * Mx)) = Mx).
Therefore, (A, L) is a A-implicative state KU-algebra.

3.19 Proposition

Every A-implicative state KU-algebra is A-commutative.
Proof. Let (X, \) be a A-implicative state KU-algebra and let X,y € A. Since (A, ) is A-implicative,
(My) * Mx)) * My) = My). Hence A(x) * (Mx) * M(y)) * My)) = (Mx) *A(y)) * (Mx) * M(y)) = 0,
which implies that M(x) < ((MX) * A(y)) * A(y)). Also, we have
(My) * Mx)) *A(x) < (M) *Ax)) * (Mx) * M) *A(¥)) = (Mx) *Ax)) * ((Ay) * Ax)) * M(y))
=0.((My) * 2x)) * My)) = (M(y) * Mx)) * Ay).
Thus (A(y) * Mx)) * A(x) < (My) *A(x)) *A(y). Interchanging x and y, we get (A(x) * M(y)) * My) < (A(y) *M(x)) * Mx).
Thus (Mx) * A(y)) * AM(y) = (My) * Mx)) * Mx) for all X, y € A. Therefore (A, L) is a A-commutative KU-algebra.

3.20 Theorem

Suppose (A, ) is a state KU-algebra with respect to A. Then for all X, y € A, the following conditions are equivalent:
(1) (A, M) is A-commutative;

(2) x <y implies A(y) = (My) * Mx)) * Mx);

(3) (My) *A(x)) * Mx) = (My) * Mx)) * Mx))) * A(Y)) * My)-

Proof. (1) = (2): Assume that (A, }) is A-commutative. Suppose x < y. Then A(x) *A(y) = 0. Hence we have
My) = 0 *My) = (Mx) * My)) * My) = (My) * Mx)) * Mx).

(2) = (3): Assume the condition (2). Since A(y) < (My) * M(X)) * A(x), by condition (2), we have

(M) * Mx)) * Mx) = ((A(y) * Mx)) * Ax)) *A(y)) * My)-

(3) = (1): Assume condition (3) holds. Let x,y € A. It follows from condition (3) that

(AMy) * Mx)) * Mx) = (My) * Mx)) * Mx)) * My)) * My).

Since Mx) < (My) * MX)) * A(x), so
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(M) * Mx)) * Mx)) * My) < Mx) *

MY)-

Hence

(AX) *My)) *My) < (M) * Mx)) *M(x)) * My)) *MY) = (MY) *MX)) * Mx).
Thus by Proposition 3.19, we get (A, L) is A-commutative.

3.21 Theorem

A state KU-algebra (A, A) is A-commutative if and only if the following equality holds:
For any x,y,z € A, (A (2) * Mx)) * (M(y) * Mx)) = (Mx) * 1 (2)) * (My) * A (2)),
Proof. Assume that (A, L) is A-commutative. Let X, y,z € A. Then
( (2) * Mx)) * (My) * Mx)) = My) * (A (2) * Mx)) * Mx) = A(y) * (Mx) * 1 (2)) * X (2))
= (Mx) *A (2)) * (My) *1(2))
Conversely, for all x,y, EA, let
(A (2) * Mx)) * (A(y) * (%)) = (MX) * 1 (2)) * (My) * A (2).
Putting y = 0 yields that
(A (2) * Mx)) * (A (0) * A(x)) = (Mx) ¥ A (2)) * ( (0) * 1 (2)). Hence (A (2) * A(x)) * (0 * A(x)) = (M(x) * L (2)) * (0 * X (2)).
Therefore (A (z) * A(x)) *A (x) = (MX) *A (z)) *A(z). As aresult, (A, A) is A-commutative.

3.22 Theorem

Let (A, ) be a state KU-algebra. Suppose that A (A) is closed with respect to V. (A, A) is A-commutative if and
only if (A (A), <) is an upper semi lattice with V.

Proof. Since A(b) < (Mb) *A(a)) *A(a) and M(a) < (A(a) *A(b)) *A(b), we have (A(b) *A(a)) *A(a) is an upper bound of
Ma) and A(b) for any a,b € A. Let A(c) be any upper bound of A (a) and A (b). Since A (a) < Mc), we get

Me) = 0xMe)= A (0)xMc) = (A (a)*Mc)) *Mc) = (Mc) *A (a) * A (a).

Also, A (b) < Mc). We obtain (A (b) *A (a)) *A (a) < (A(c) * A (a))= A(c).

Hence (A(b) *A(a))*A(a) < M(c) and (Mb)* A(a))*A(a) must be least upper bound of A(a) and A(b). Conversely,
assume that (A (A), <) is an upper bound semi-lattice satisfying A (a) VA (b) = (A (b) * A (a)) * Ma) for all a,b € 4;
therefore (A (b) *A (a)) *A (@) =X (a) VA (b) =A (b) VA (a) = (A (a) * X (b)) * X (b).

Thus, (A, L) is A-commutative.

3.23 Proposition

Let (A, A) be a A-commutative state KU-algebra and let A (A) be closed with respect to V. Then the following
properties hold for all a,b,c € A:

(1) Ma) * (M(b) VA(c)) = (Mc) * (b)) * (M) *A(b)).

(2) Ifag b, then X (a) VA (b) =X (b).

(3) Ifc <aand A (a) *A(c) < A (b) *xA(c), then A (b) < A (a).

Proof. (1)- Leta, b,c € A. Then

A(@)* (A (b) VA(c)) = A (a) *((Mc) * A (b)) * A (b)) = (A(c) * (b)) * (A (a) * A (b)).

(2)- Leta < b. Then A (a) * A (b) = 0. Hence

A() =0xA(b)= (A(@)*A (b)) *A(b)= (A (b)*A(a))*A(a)= A (a) VA (D).
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(3)-Letc < aand let A (a) *A(c) < A (b) *A(c). Hence
A(d)*r(a) = A(b)*(0+k (@)=L (b)*((Mc)*A (a)) *1A(a)) = A (b) *((A (a) * A(c)) * Mc))
= (M (a) *Mc)) * (A (b) xA(c)) = 0.
Hence, A (b) < A (a).
Let (A, 1) be a A-commutative state KU-algebra. If A is surjective or A is a KU-morphism, then A(x) is closed with
respect to V. Finally, we present some condition for which a A-commutative state KU-algebra will be a distributive

lattice with respect to the operations V and some suitable A operator.

3.24 Theorem

Let (A, X) be a A-commutative state KU-algebra and let L (A) be closed with respect to V. If there is a lower bound
Ma) of A(x) and A(y), then the greatest lower bound A(x) A A(y) of A(x) and A(y) exists and

Mx) AMY) = (Mx) * A () V (My) * A () * A (a).

Proof. let A (a) < MX), My). Clearly A (a) < Mx) AMYy). Since A(x) *M(a) < (Mx) *A(a)) V (My) *A(a)), we have

[(A(x) * Ma)) V (My) * Ma))] *A () < (Mx) * M) * Ma) =L (a) V Mx) = M(X).
Similarly, we have [(M(x) * A (2)) V (A(y) *A (2))]. A (2) < My).
Hence [(A (x) * Ma)) V (My) * Ma))] * A (a), which is a lower bound of A(x) and A(y). Suppose that A (b) is another
lower bound of A(x) and A(y), that is, A (b) < A(X), My).
Hence M(x) * M(a) < A(b) * A(a) and A(y) * AM(a) < Mb) *A(a). Thus (A(x) * Ma)) V (My) * A (a)) < A (b) *A(a).
Therefore
A(b) < Mb)VMa)=A(a) VA(b)
= (b) xA () *A(2) < [(Mx) ¥ (a) V (My) ¥ A (2))] * A (a).
Thus [(Mx) * A (2)) V (A(y) * X (a))] * A (a) is the greatest lower bound of A(x) and A(y).
Therefore, M(x) AMYy) =[(MX) *Ma)) V (My) * A(a))] * A (a).

3.25 Corollary

Let (A, L) is a A-commutative state KU-algebra and let A (A) be closed with respect to V. If the lower bound exists

for every two elements of A (A), then (A (A), V, A) is a lattice.
3.26 Corollary

Let (A, A) is a A-commutative state KU-algebra and let A (A) be closed with respect to V. If there exists a lower
bound for A (A), that is, there exists a € X such that A (a) < A(x) for all x € A, then (A (A), V, A) is a lattice.

3.27. Proposition

Let (A, 1) be a A-commutative state KU-algebra and let A (A) be closed with respect to V. Let a,b, c € A. Then
the following conditions holds:

(1) (A (a) V(b)) *A(c) = (Ma) *A(c)) A (Mb) * Mc));

(2) (A (2) AMD)) *M(c) = (Ma) *M(c)) V (Mb) * A(c)).

Proof: it is obvious.
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4. Conclusions

We introduced the concept of state on KU-algebras. Also, we analyzed the relationship of their mapping with KU-
substructures. A state KU-algebra A (A) is closed with respect to V. Moreover, (A, X) is A-commutative if and only
if (A (A), <) is an upper semi lattice with V. Finally, if there exists a lower bound for A (A), that is, there exists a
€ X such that A (a) < Mx) for all x € A, then (A (A), V, A) is a lattice.
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