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1. Introduction

Collective electronic excitations in metals, known as plasmons, are a fundamental component of their
electromagnetic response. These excitations can occur either as bulk plasmons, corresponding to charge-density
oscillations within the metal volume, or as surface plasmons, which are localized at metal—dielectric interfaces of
nanostructures [1]. Owing to their confinement and dispersion properties, surface plasmons can exhibit effective
resonance frequencies that differ significantly from those of bulk modes, particularly in complex or nanoscale
geometries. This characteristic has been widely exploited in the development of ultrafast plasmonic electronic

components and high-sensitivity sensing platforms [2].
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The behavior of plasmonic excitations is strongly governed by geometry. Nanostructures such as metallic
nanospheres, spherical nanoshells, and dielectric nanocavities have attracted considerable attention, as their
plasmonic resonances can be tuned over a broad spectral range extending from the terahertz to the visible region
[3]. These high-frequency modes make such nanostructures essential building blocks for emerging applications in
subwavelength photonic circuitry and active plasmonic devices [4, 5].

Although classical electrodynamics based on local dielectric functions provides an adequate description for
structures with dimensions well above the nanometer scale [6, 7], it becomes insufficient as characteristic sizes
approach a few nanometers. In this regime, nonlocal effects—originating from the finite compressibility of the
electron gas, spatial dispersion, and electron—electron interactions—become increasingly important [8]. To
incorporate these effects without the computational cost of first-principles methods, semi-analytical frameworks
such as the hydrodynamic Drude model (HDM) [9, 10] and the Generalized Nonlocal Optical Response (GNOR)
[11, 12] are widely employed.

In this work, we investigate the role of spatial nonlocality in surface plasmon excitations of a spherical
dielectric nanocavity embedded in a metallic host within the framework of the HDM. An analytical expression for
the surface plasmon resonance frequencies is derived, demonstrating a pronounced size-dependent blueshift
induced by nonlocal effects as the nanocavity radius is reduced. We further show that the interplay between the
dielectric constant of the nanocavity and the background permittivity associated with the metal ion core plays a
central role in determining the excitation characteristics. Specifically, a lower cavity permittivity leads to an
increase in the resonance frequency, whereas a higher permittivity results in a redshift. Importantly, we find that
nonlocal frequency shifts are most strongly enhanced for high-index dielectric cavities, offering valuable guidance

for the design and optimization of subwavelength plasmonic structures.

2. Materials and Methods

2.1 Hydrodynamical Drude model

In metals, conduction electrons form a degenerate electron gas that undergoes frequent scattering from the ionic
lattice and impurities. Within the hydrodynamic description, the electron gas is treated as a semi-classical charged
fluid moving in a uniform positive background. The collective dynamics of the electrons are described using the
HDM, which incorporates both convective motion and damping effects. In this approach, the electron dynamics
are obtained by self-consistently solving the following set of equations, including [13]:

Hydrodynamic equation,
ov . -, = - —
men| o + (v. V)v =—-VP(n) —neE —m,nlTv, (1)

Continuity equation,

on +V.(nd) =0 2
o .(n¥) =0, 2
and Poisson equation
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Here, m, denotes the electron mass, n(7,t) is the electron number density, and n, is the ion (equilibrium

electron) density. The terms v(7,t), P(n) , T, &, and &5 represent the electron velocity, the pressure due to the
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Pauli exclusion principle, the damping constant, the permittivity of free space, and the relative permittivity of
background ions, respectively. Within the HDM framework, the non-local spatial effect is captured by VP(n) =
meBZVn, with B2 = (3/5)vZ, (v being the Fermi velocity). Under the quasi-static approximation, the electric
field is defined as E = —V¢, which is then inserted into the Poisson equation.

To analyze the system's dynamics, the set of coupled equations (1) through (3) is linearized by assuming small-
amplitude perturbations about the equilibrium. By adopting a harmonic time-dependence, the perturbations for
velocity, density, and potential are defined as follows:

n(# t) = ng + SnW @) exp(—iQt),
(7 t) = W (Fexp(—iQt), 4

P, 6) = ¢O (Fexp(-i),
with Q = w + iw;, where ® and w; are the real and imaginary components of the frequency. Substituting Eqs.
(4) into Eqgs. (1)«(3) and keeping only the linear terms yields the following system of equations:

Mmeng(—iQ 7D) = —m,B2V6n® + nyeVep® — myn, [oW, (5)

(=i 6nW) + nyV.5W =0, (6)
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Taking the divergence of both sides of Eq. (5) and then substituting Egs. (6) and (7) into the result, we obtain
(B?V% - @2 + w? — w} + Tw)énW + i (2ww, + Tw) = 0.  (8)
The imaginary part of Eq. (8) yields w, = —I'/2. Substituting it in the real part of Eq. (8), we obtain the final
differential equation governing the electron density:

(V2 = k2)6nO () = 0, ©

with k2 = (@2 — w? — T2 /4)/B?, where @, = \/nye2/m,eyep, is the plasma frequency of metallic region.

By solving Eq. (9), the surface and bulk plasmon frequencies are obtained for the regime w >

/_65 —TI?/4and w < /@ — I'?/4, respectively.

2.2 Surface plasmon frequency of a nanocavity

Consider a metallic medium with €5 containing a dielectric nanocavity characterized by a relative permittivity &4
(see Figure 1). Solving Eq. (9) yields the following expression for the electron-density excitation at the metal

surface:

ZAl,m ky(kr) yim (0, @) , r =R,
ILm

0, r <R,

snW(r,0,¢) = (10)

where k;(kr) is modified spherical Bessel function of the second kind and y;,,(6,¢) are the spherical

harmonic functions. The electron density inside the nanocavity is zero.
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Figure 1. Schematic illustration of a nanocavity with radius R and dielectric permittivity ¢; embedded within a
metallic region with background permittivity &g

Subsequently, we derive the electric potential for both the metallic region (the region outside the dielectric
nanocavity) and the nanocavity region. To obtain the potential outside the nanocavity, the electron density, sn™®,
from Eq. (7), is first substituted into Eq. (9), and we find

(V2 = k*)Vouc (1,6, 9) = 0. (11)
Solving the above equation yields the following expression for the potential outside the nanocavity:
Bouc,0,0) = ) (Bumky(kr) + G ™ *0) 30 (0,0).  (12)
Lm
Because there is no net charge within the nanocavity, the potential satisfies Laplace’s equation, which we solve

to obtain

Dn(0,9) = ) Dt yim(@,0).  (13)
Lm

To derive the nanocavity's plasmonic modes, the potential coefficients within the metallic region are
determined in terms of the corresponding electron density coefficients. We then employ the boundary condition:
The radial component of the electron density becomes zero at the surface of the nanocavity.

To determine the potential coefficients for the regions inside and outside the nanocavity, we first apply the

continuity conditions for the electric potential and the displacement vector at the nanocavity surface.

Din(,6,0)r=r = Gouc (0, @) |r=r,
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Applying the above boundary conditions, the potential outside the nanocavity is given by the following

relations:
R 1+1
boucr0.0) = ) Bim [kl(kr)—kaR,g) (%) ]yl,m(e,so). (14)
ILm
where
kR &) = — B |k ery + =9 ke
Q,( ,5)—21—_'_1[ 11( )+(l+1—)+le‘l_1( )],
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in which & = g;/¢eg. The potential inside the nanocavity is given by

r
Bin(,0,0,) = ) Bi PR, O Yim (6, 9), (15)
Lm

where

Pi(kR, &) = ki—1(kR).

Clt+1+él
To determine the surface plasmon frequencies of the nanocavity, we apply the condition that the radial current
density vanishes at the nanocavity surface.

]rlr:R =0- vrlr:R =0.

Substituting the velocity from Eq. (5) and applying the vanishing radial boundary condition, the following

expression is obtained:

E a¢out (T, 0! (P)

_ 520000 .6,0)
m, Jar

B or (16)

=R r=R
By substituting the potential from Eq. (14) and the charge density from Eq. (10) into Eq. (16) and using the
relation k?B; , = (e/€; £5)A;m -the following expression for the nanocavity surface plasmons is obtained:

I+1D(E-1
(ag —B?k? + %@%) Lkj_y(kR) =+ 1) B%k? k1 (kR). (17)

If g4 = €5 (€ = 1), the following expression results:

(@2 — B2 k)l ky_y (kR) = (L + 1) B2 k2 kyyy (KR).  (18)

In the local limit (f — 0), Eq. (18) reduces to the following relation:

[+ vag 12
©= 1412 2 (19)

In the absence of the scattering, Eq. (19) gives

ey
©=0 g (20

which forl = 1and g; = g5 = 11is [1],
2
w=w, 2

3. Results and Discussion

Using a silver (Ag) metallic region with parameters w, = 13.52 x 10® rad/s, T = 588 x 1013 1/s, g5 = 5,
and vy = 1.39 X 10%m/s, the relative permittivity (dielectric constant) of the nanocavity is g5 = 5 [14]. In the
following, we consider the dipole approximation, setting [ = 1 in Eq. (17). Figure 2 illustrates the normalized
dipole surface plasmon frequencies (w/w,) as a function of the nanoparticle radius (R). The results demonstrate
that spatial nonlocality leads to a significant blueshift in resonance frequencies at smaller radii. The local response

approximation is also plotted for comparison, showing a size-independent behavior.
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Figure 2. The dimensionless dipole surface plasmon frequency vs. the radius of a nanocavity in the Ag metallic
region for £ = 1 (£ = g4/€p). The system parameters are w, = 13.52 X 10%° rad/s, T = 5.88 x 103 1/s,
eg=5,v, =139%x10°m/sande; =5

In Figure 3, the normalized surface plasmon frequency is plotted as a function of radius R for three dielectric
configurations. The results indicate that the resonance frequency is sensitive to the dielectric contrast: When & >
1 (g4 > €p), the frequencies shift toward lower values (redshift), whereas for £ < 1 (¢4 < €5), the frequencies
are blue-shifted relative to the baseline case of € =1 (g4 = €5). Notably, all configurations exhibit a nonlocal

frequency increase as the nanoparticle radius decreases.
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Figure 3. The dimensionless dipole surface plasmon frequency vs. the radius of a nanocavity in the Ag metallic
region for different values of & (= &;/&g) . The other system parameters are w, = 13.52 X 105 rad /s, T =
5.88 x 1013 1/s, and vy = 1.39 X 10°m/s.
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Figure 4. Nonlocal and local dimensionless dipole surface plasmon frequency vs. the radius of a nanocavity in
the Ag metallic region for (a) € = 1.6 and (b) € = 0.4 . In both panels, the dimensionless nonlocal and local
surface plasmon frequencies for £ = 1 are plotted for comparison. The system parameters are w, = 13.52 X

10*° rad/s, T = 5.88 x 103 1/s, v, = 1.39 X 10°m/s, and & = g, /¢
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Figure 4 illustrates the influence of the nanocavity dielectric constant (g;) on spatial nonlocality. The results
demonstrate that the nonlocal frequency shift is significantly enhanced when the dielectric constant of the
nanocavity is increased relative to the background medium. By comparing the local (horizontal lines) and nonlocal
results, it is evident that the blueshift caused by nonlocality is more substantial for larger values of ;. Specifically,
the deviation from the local limit at small radii is greater in panel (a) for & = 1.6 (¢; = 1.6 €5) than in panel (b)

for€ =04 (g4 = 0.4 &p).

4. Conclusion

In conclusion, we have developed a nonlocal theoretical description of surface plasmon excitations in spherical
metallic nanocavities. By deriving an analytical resonance condition, we have quantified the frequency shifts
induced by spatial nonlocality on the nanoscale. Our results demonstrate that the background dielectric constant
of the metal plays an essential role in determining the direction of the plasmonic frequency shift: the resonance is
blue-shifted or red-shifted depending on whether the cavity permittivity is smaller or larger than the background
value, respectively. Furthermore, we show that nonlocal effects are significantly amplified in nanocavities with
high dielectric permittivity. These findings highlight the importance of accounting for both spatial nonlocality and
the dielectric environment when designing nanocavity-based plasmonic devices, including sensors and nanoscale

optical components.
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